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Abstract. Let / € Z[x], deg(/) = 3. Assume that / does not have repeated roots. Assume as 
well that, for every prime q, f{x) ^ modq'^ has at least one solution in (Z/g^Z)*. Then, under 
these two necessary conditions, there are infinitely many primes p such that f{p) is square-free. 



1. Introduction 



An integer is said to be square-free if it is not divisible by the square of any integer d 
greater than 1. It is easy to prove that for f{x) = mx + a, a,m G Z, there are infinitely many 
integers n such that mn + a is square-free - provided, of course, that gcd(a, m) is square-free. 

For / quadratic, the infinity of integers n such that /(n) is square- free was proved by Es- 
termann [7] in 1931. (Again, there are necessary conditions that have to be fulfilled: / should 
not have repeated roots (i.e., for deg(/) = 2, / should not be a constant times a square) and 
f{x) = modq^ should have a solution in for every prime q.) 

For / cubic, the fact that there are infinitely many integers n such that /(n) is square- free 
was proven by Erdos [6]. (See also [El Ch. IV].) It can be argued that Erdos's proof wittily 
avoids several underlying issues, some of which are diophantine problems that are far from 
trivial. Perhaps because of this, Erdos posed the problem of proving that f{p) is square- free for 
infinitely many primes p. The diophantine issues then become unavoidable, and the problem 
becomes much harder. 

The paper [T2] settled the issue for / cubic with Galois group Alt (3). Unfortunately, most 
cubics have Galois group Sym(3). 

The present paper solves the problem for all / cubic. 

Main Theorem. Let / G be a cubic polynomial without repeated roots. Then the number 
of prime numbers p < N such that f{p) is square-free is 



It is easy to show that, if f{x) ^ modg^ has at least one solution in (Tj/q'^Z)* for every 
prime q smaller than a constant depending only on /, then the infinite product in (jl.ip converges 
to a non-zero value (see the remark at the end of In other words, we have a necessary and 
sufficient condition for the product in (II. ip to be non-zero, and this condition is such that it can 
be checked explicitly in time 0/(1). 

The analogous problem - namely, proving that, for a polynomial / of degree k satisfying 
the necessary conditions as above, there is an infinite number of primes p such that f{p) has 
no divisors of the form d^~^, d > 1 - was solved by Nair [20] for k > 17. Several cases with 



(1.1) 




where Pf{q^) is the number of solutions to f{x) = modg^ 



in (Z/g^Z)*. 
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= 3, 4, 5, 6 were solved in p2]; see the list in [121 (1.3)]. A summary of the proof in this paper 
appeared previously in [13]. Since then, the cases of A; = 5,6 have been settled by Browning 
[U Thm. 2], building in part on arguments by Salberger |2T] and Heath-Brown [10]. As a 
consequence, only the case of polynomials / of degree k = 4 with Galois group Alt (4) or Sym(4) 
remains open. 

The author's interest in the problem was first sparked by his work on root numbers of elliptic 
curves. There are indeed many problems in number theory where matters become much simpler 
technically if one assumes one is working with square-free numbers. This is the natural domain 
of application of the results in this paper. 

1.1. Notation. In this paper, p and q always denote primes. We write u}{d) for the number of 
prime divisors of an integer d, and Tfc((i) for the number of tuples of positive integers (mi, . . . , m^) 
such that d = mim2 ■ ■ ■ rrik- Given a prime p and a non-zero integer n, the valuation Vp{n) is 
the largest non-negative integer r such that p^\n. Given positive integers n and m, we write 
gcd(n,m°°) for Ylp^^P^''^^^ ■ Let 7r(A'") be the number of primes < N. 

Let K he a number field with Galois group Gal(-ftr/Q). We write oJxid) for the number of 
prime ideals dividing d in a number field K. Given a rational prime p unramified in K/Q, 
we denote by Frobp C Gal(i^/Q) the Frobenius symbol of p; it is always a conjugacy class in 
Ga\{K/Q). For g S Galj, we write ujQi^g){n) for the number of prime divisors p\n such that 
Frobp = Cl{g), where Cl{g) is the conjugacy class of g. 

1.2. Acknowledgements. Thanks are due to M. Dimitrov, G. Harcos and M. Hindry for an- 
swering my questions regarding a possible conditional generalisation of the present paper to 
the case of polynomials of higher degree, and to S. Ganguly for a discussion of a statement in 
analytic number theory. 

The results in this paper were largely proven at the Universite de Montreal towards the end 
of the author's stay as a CRM-ISM fellow. The paper itself was written in part during a stay 
at EPFL, Lausanne, Switzerland. The author is thankful to both A. Granville and Ph. Michel 
for having provided good working environments. 

2. Reduction to the problem of large square factors q'^\f{x), q prime 

We wish to reduce the problem of estimating the number of primes p < N such that f{p) is 
square- free to the problem of bounding from above the number of primes p < N such that f{p) 
has a square factor of the form g^, q prime, q > N{logN)~'^. If we cared about minimising the 
error term, this would be a non-trivial problem; see the treatment in |1H §3]. As it happens, 
the error terms we will get later from other sources will be fairly large anyhow, and thus we can 
afford to carry out things in this section in a way that is easy and classical. (See |15| Ch. IV] 
or [9j, for instance.) 

In what follows, p and q always range over the primes. We have 

\{p < N : f{p) is square- free} ] = \{p < N : q'^\f{p) =^ g > - log A^}] 

+ 0{\{p<N -.Bqs.t. q^\f{p), q>hogN}\). 
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By the inclusion-exclusion principle and Bombieri- Vinogradov, 

\{p<N: q^ip) ^ g > 1 logiVjl = J] fi{d)\{p < N : dV(p)}l 

d 

g\d^q<UogN 



= Y: Kd)Pf{d')^^+0{N/ilogNr') 

q\d^q<^ log N 

= n (l-^)-(iV)+0(iV/(logiVr) 

q prime ^ r'\ J / 

q<ilogAr 

n (l-^)-(iV) + 0(iV/(logiV)^). 



q prime 



Recall as well that Tr{N) = + O ^ (logj^^yi j (Prime Number Theorem). 
At the same time, 

\{p<N -.Jqs.t.q^lfip), q>hogN}\ < \{p < N : 3q s.t. q''\f{p), Uog N < q < N^/^}\ 

+ \{p<N:3q s.t. q^\f{p), N^^ <q< Ar(log Ar)-^}| 
+ \{p<N:3q s.t. gV(p), Q > iV(log 7V)-^}| 
^ E o(^^M)+o(iV/(logiV)-) 
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;Af<g<Wl/3 



AfV3<g<Ar(iogAr)-E 
+ \{p<N:3q s.t. 9 > N{logN)-'}\, 

where we have used Brun-Titchmarsh (or any upper-bound sieve) to justify the second inequality, 
and where, as per our convention, q ranges only over the primes. The series on the right side 
sum up to 0(iV/(log AT)^) and 0(iV/(log Ar)^+^), respectively; hence 

|{p < iV : 3g s.t. q''\f{p), q>llogN}\ < \{p < N : 3q s.t. q^\f{p), q > N{logN)-'}\ 



+ 

Therefore 



N 



(log AT) 



l+e 



^ ^ ^ '^--'-^^ - , n . ^) ■ - ° ((i^) 

+ \{p<N:3q s.t. q''\f{p), q > Ar(log A^)-^}| 

for any e > 0. 
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The only thing that remains is to bound \{p < N : 3q s.t. q^\f{p), q > A^(log A^)~"^}|. This 
problem will occupy us in the rest of the paper. 

In the meantime, let us note that Pf{q^) < deg(/) for every q larger than a constant depending 
only on / (by Hensel's lemma). Hence the infinite product in (j2.ip is non-zero provided that 
Pfio^) < (i-e-, provided that /(x) ^ modg^ has at least one solution in {'L/q^'L)*) for 

every q smaller than a constant depending only on /. If there is a g such that f{x) ^ mod 
has no solutions in {'L/q^'L)* , then f{p) can be square-free only when gcd(p, g^) 7^ 1; obviously, 
gcd{p,q^) 7^ 1 can happen for at most q primes p, i.e., Of{l) primes p if (7 is smaller than a 
constant depending only on /. (This is where the term 0/(l) in (jl.ip comes from.) 

3. Integer points on a typical quadratic twist of an elliptic curve 

Consider two points (xi,yi), (x2,2/2) {"^i^Vi G ^) on the curve dy^ = f{x). This is an elliptic 
curve. It is well known that points with integer coordinates on an elliptic curve tend to repel 
each other; this was already used in the present context in [llj (see also the earlier work [22]). 
As was pointed out in [14], two points repel each other more strongly if their coordinates are 
congruent to each other modulo some large integer. (This is a somewhat intuitive description; 
we will do things rigourously below.) 

In |12j . I used this phenomenon on the curve dy^ = f{x). I first showed by elementary means 
that most integers d < N have large factors do|(i, d^ > N^~^, such that do has few prime divisors. 
It is then the case that the x-coordinates of the points (x, y) on the curve fall into few congruence 
classes modulo do (because do has few prime divisors). Moreover, by the argument on elliptic 
curves just given, there can be only few points whose x-coordinates are in a given congruence 
class modulo do (because do is large, and makes points in such a congruence class repel each 
other strongly). It follows that there are few points (x,y) (x,y G Z, 1 < x,y < N) on the curve 
dy^ = /(x), unless d is in some small exceptional set. 

We carry out this argument again, largely just by citing [11] and [12] . 

Proposition 3.1. Let f £ Z[x] be a polynomial of degree 3 with no repeated roots. Let d be a 
square-free integer. Then, for any N, the number of integer solutions (x,y) € to dy"^ = f{x) 
with N^/^ < X < N is at most 

(3.1) Of (C7'^('^)) , 

where C is an absolute constant. 

This bound is an immediate consequence of [22], Theorem A, which is already based on the 
idea of repelling points (and does not require the condition A^^/^ < x < A^). The alternative 
proof in [11', Cor. 4.18] provides an explicit value for C by means of sphere-packing bounds |18] . 

Proof. By |1H Cor. 4.18] (applied with e = 1/2) and any rank bound obtained by descent, e.g., 
the standard bound in [U Prop. 7.1] (namely, rank < ooxid) — oj{d) + 0/(l) < 2a;(d) + 0/(l), 
where K = Q(a) and a is a root of /(a) = 0.) □ 

Proposition 3.2. Let f G Z[x] be a polynomial of degree 3 with no repeated roots. Let d < X be 
a positive integer. Suppose that d has an integer divisor do > X^^"", e > 0. Assume furthermore 
that gcd(do, 2 Disc /) = 1. Then the number of integer solutions (x,y) G 7? to dy^ = f{x) with 
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X^^'^ < X < X is at most 

(3.2) Of^, f^^Of{euj{d))^u^{do)'^ ^ 

This bound uses the divisor do in order to increase repulsion in the way outhned above. If a 
do with few prime divisors is chosen, the bound (13.21) wih be much smaher than (j3.ip . 



Proof. This is a special case (deg(/) = 3, = 2, c = 2) of [HI Prop. 4.3]. □ 

We now need two lemmas on the integers. 

Lemma 3.3. Let / G Z[a;] be a polynomial. For any A> and for all but 0^(A^(log iV)"^) 
integers n between 1 and N, the number of prime divisors u}{f{n)) of f{n) is 0^j(loglog A^). 

Proof. This is standard. If f{n) has > Clog log prime factors, then it has > deg(/) ^'^E^ogN 
prime factors (namely, the ^^^^^ log log smallest ones) whose product is ^/ N. Their products 
give us > 23^^°s'°sA' ^ ^j^g^^c(iog2)/deg(/) divisors d<^f N of f{n). At the same time, 

E E i = EEi 

n<N d\f{n),d<N d<N n<N 

d\f(n) 



^ E + iV (deg(/))"(') « Ar(log AT)^ 



where B = 0/(1). Thus, there can be at most Af(log A^)~(<^(^°g2)/deg(/)-B) integers n<N such 
that /(n) has > C log log A^ prime factors. We set C so that ^^y^ — B>A and we are done. □ 

Lemma 3.4. Let f €z be a polynomial. For any A > 0, e > 0, m > 0, it is the case that, 
for all but OA,e,m{N {^og N)~^) integers n between 1 and N, there is a divisor di\f{n) such that 
di < N"/"^, uj{f{n)/di) < eloglogX, and gcd(/(n)/di, m) = 1. 

Proof. Let S{N) be as in \12\ Lem. 5.2] (with e/4 instead of e). Let 

di = gcd(/(n),m°°) • JJ p. 

p\f{n),p\m:p<NS('^') 

By definition, gcd{f{n)/di,m) = 1. Also, by [121 Lem. 5.2], we know that uj{f{n)/di) < 
e log log A^ and np|n-p<Af''(^) ^ N'^^'^ for all but 0^^e(A^(log A^)""^) integers n between 1 and A^. 



Now 



^gcd(n,m-)< 5] ^d 

n<N d\m°° n<N 

d\n 



<^A^<A^-JJ^K A^(log A^)^('") ^rn,e N^^''^ ■ 



d\m°° p\m a>l 

d<N P"<N 



It follows that, for all but Om,e{N^ ^/^) integers n between 1 and A^, gcd(/(n), m°°) < N'^^^. 
Hence di < N^^^. □ 
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Proposition 3.5. Let f € be a polynomial of degree 3 with no repeated roots. Let D be a 
set of positive integers. Then the total number of integers x with 1 < x < N such that such that 

dy^ = fix) 

for some integer y > N(logN)^^ and some d £ D is at most 

(3.3) Of^,{\D\{logNr) + Of,A,,{NilogN)-^) 

for A arbitrarily large and e > arbitrarily small. 

Proof. Let e > be a small parameter to be set later. If dy'^ = f{x) for some integer y and 
some integer d < A^^"*^/^, then d'iy')"^ = f{x) for some integer y' and some square-free integer 
d' < N'^~^^^. By Prop. 13.11 and Lemma 13. 3( the total number of x < satisfying such an 
equation is (log iV)'^/>-4(i)iVi"^/4 + OAiN{log N)'^) <.Aj,e iV(logiV)"^ for A arbitrarily large. 

Let, then, dy'^ = f{x), d > N^~^^^, x < N , y > N{log N)''' . By Lemma 13.31 we can assume 
that uj{d) ^A,/ log log iV (taking out at most Oa {N{log N)~^^ values of x). By Lemma [3^ we 
can assume (taking out at most OA,f,e{N{\og N)^"^) values of x) that there is a di\f{x) such that 
di < iV'/^ u{f{n)/di) < eloglog'iV and gcd(/(n)/di, 2Disc(/)) = L Let do = d/gcd{d,di). 
Then do > d/N'/"^ > N^-^'/^, uj{do) < eloglogiV, uj{d) <Ca,/ log log iV and gcd((io, 2 Disc(/)) = 
1. 

Since y > N(log N)~'' and d = we have d < C/A^(log A^)^*^ for some constant C/. We 

apply Prop. with X = CfN{logNf^. (The condition do > X^-^ is fulfilled by do > 
provided N is larger than a constant cj^^ depending only on / and e; we can assume is larger 
than cj^£ because conclusion (|3.3p is otherwise trivial.) and obtain that the number of integer 
solutions to dy'^ = fix) is at most 

<^f e |D|e*^-''"*^^^'°^^°^^3'^^°^'°^^ 

(taking out at most <CA,/,e A^(log A^)"^ + X^~^ <-Aj,e A^(log A^)"^ values of x). For e small 
enough in terms of /, A and e, this is < |-D|(log A^)^, as desired. □ 

In view of (j3.3p . what remains is to show that we can eliminate most possible values of d in 
(ig2 ^ p<N,q> N{log N)-^, where we allow ourselves to take out first a proportion o(l) 
of all possible values of p < A^. 

4. Typical properties of f{q) and d = f{p)/y^ 

Les a be a root of f{a) = 0. Let Gal/ = Gal(Q(a)/Q). For g G Gal/, let ujQ^g-^{n) be the 
number of prime divisors p\n unramified in Q(a)/Q such that Frobp = Cl{g). Let oci{g) be the 
number of fixed points of any representative g of Cl{g), considered as a permutation map on the 
roots of f{x) = in C. It is a standard fact that aci(g) equals the number of roots x G Z/pZ of 
f{x) = modp for any p unramified in Q(a)/Q such that Frobp = Cl{g). 

As is usual, we write the number of points on the curve y'^ = f{x) modp as p + 1 — Op, where 
Op is an integer. 

Our aim in this section is to show that, for a proportion 1 + o(l) of all primes q < N, 

(a) uJci(g)ifiq)) = (aci(g) + o(l))^-§^ loglog A^ for every g £ Gal/, and 

(b) Ep<z f (^) = + ^P<^ ^ ioT ^<z<N\5>{) smaller than a constant. 
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Here (jaj) is unsurprising; it is clear that the probability of p\f{q) for p fixed and q prime 
and random is ^, and the sum J2p<N ■.Frohp=ciig) ^ is (1 + o(l))[§^ log log iV by Chebotarev's 
density theorem. 

As for statement (jb]): the number of points on = /(x) modp is 



hence, the expected value of (^"^^^ for p fixed and q prime and random should be 

/(0)\\ Op 

— + error term. 



p — L \ \ P / / P 

Thus, the expected value of Ylp<z ^ ('^) s^^^^*^ ^le about ^p<^ 

As elsewhere in this paper, we will carry out our arguments as is customary in analytic number 
theory, inspired by the probabilistic reasoning detailed above. (Alternatively, one could start 
by proving probabilistic statements and deduce statements in number theory from them, as in 
§5-6 in |12] . That option generally takes more space and work.) 

Part of the point in estimating Wci(g) (/(?)) {f{Q)/p) is that neither quantity changes 
much when f{p) is divided by the square of a prime: if d = f{q)/y'^, y a prime, then 

(4.1) fd\ (f{qy 



p J \ P 



for p ^ y. 



Thus, what follows will help us determine later what form any d satisfying dy^ = f{q) must 
take, where y can be any prime and q can be any prime < N outside a set of density 0. 



We will prove both (jaj) and ([b|) using what amounts to bounds on variances followed by what 
amounts to Chebyshev's inequality. 

Lemma 4.1. Let f G [x] be a polynomial irreducible over Q[x]. Let g G Gal/. Let z = z{N) be 
such that lim7v-s>oo ^i^) = oo and z < iV^/^~^, e > 0. Then 

l = («ci(.)+o/(l))|^loglogz 

p<z, p unramified ^ 
Frobj,=Cl(9), p\f{q) 

for a proportion 1 + 0/^^(1) of all primes q < N. 

The proof will not be very different from Turan's classical proof that the average number of 
prime divisors of an integer < is ~ log log A^. 

Proof. In what follows, our sums over p range only over primes p unramified in Q(a)/Q, a a 
root of /, whereas our sums over q range over all primes. We will give a variance bound, i.e.. 
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we will show that 



(4.2) 



q<N 



p<z 
Frobp=Cl(g) 
Pl/(9) 



is small, where R = Y.p<z: Frobp=ci(g) — 
Expanding (|4.2|) . we get 



Cl(g) 



(4.3) 



p<z q<N 
Frobp=Cl(5) p\f{q) 

E E E 1+ E El- 

pi<2 Pl<2 9<Af p<2 <7<A'' 

Frobpi=Cl(9) Frobp2=Cl(9) pipal/W Frobj,=Cl(g) 



Now 



Probp=Cl(g) Probp=Cl(g) 



7r(iV) 



+ 



V 



+ > max ( < : g = a modp}| 

^ a modp V 



7r(iV) 



gcd(a,p)=l 



By Bombieri- Vinogradov (as in [3, Thm. 0]), 



> max I \{q < N : q = a modm}| 

a modm V 



.j<7Vi/2-« gcd(a,m)=l 



(logiV)^ 



for all ^, (5 > 0. We also have \{x G (Z/pZ)* : /(x) = 0}| = aci(g) for (unramified) p with 
Frobp = 01(5). Hence 



E Ei = -(^) E 



p<z q<N 
Frobp=Cl{g)p|/(g) 



p<z 
Frobp=Cl{g) 



"Cl(g) 
p — 1 



+ Oa{N {log N)- 



tt{N) 



\ 



"Cl(g) 

p<z ^ 
Frobp=Cl(3) / 



0(1)+ E 



7r(A^)(i? + 0(l)). 
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Similarly, we have 



E 

pi<2 P2^z <7<Af 

Frobpi=Cl(g) Frobp2=Cl(9) pipal/fe) 



E E i = -(^) E E 



aci(s) 



(P1-1)(P2-1) 

+ 0^(iV(log A^)-^) = 7T{N)iR + 0{l)f. 



Pl<2 P2<Z 

Frobpj=Cl(g) Frobp2=Cl(g) 



Hence, we conclude from (j4.3p that 

y = R^-k{N) - 2R{R + 0(l))7r(iV) + tt{N){R + 0(1))2 + 7r{N){R + 0(1)) 
= 0{R-k{N)). 

Now, if 



(4.4) 



E 

Frobp=Cl(g) 



> (5i? 



for some q < N , 6 > 0, then that value makes a contribution greater than 6'^R'^ to ()4.2p . Hence 
there are at most ^^^i^i^^ = O (^^7r(A^)) primes g < for which (|4.4|) is the case. By the 
Chebotarev density theorem, 



R = {l + Of{l))\C\{g)\aci(g) loglogz. 
Hence i? — )• oo as — )• oo, and so the statement of the lemma follows. 

We will need a large-sieve lemma of a rather standard kind. 
Lemma 4.2. For any N and any e > 0, 



□ 



(4.5) 



E E 

r<N^/^~'^ X modr 
X primitive 



E ^(9) 

q<N 
q prime 



{\ogN) 



2 ■ 



This is a special case of Problem 7.19 in |16j . 
Proof. By the triangle inequality, the square root of the left side of (j4.5p is at most 



^<iVi/2~' X modr 
X primitive 



E ^('?) 

q<VN 
q prime 
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(which is < yiV2{i/2-e)(^/]Y/logiV)2 < N/logN) plus the square-root of 

2 



(4.6) 



X primitive 



V]V<g<Af 
q prime 



By O Thm 8] with Q = VN, dMD is at most 

1 



iV2 



VN<q<N 
q prime 



(logA^)2' 



n 



Lemma 4.3. Let f G Z[x] be a polynomial irreducible over Q[x]. For every prime p, write 
p + 1 — Qp for the number of points in ¥'^{'L/p'L) on the curve y"^ = f{x). Let z = z{N) be such 
that z < N^/^~', e > 0, and 

hm > -| = 00. 

p<z 

Then, for a proportion 1 + o(l) of all primes q < N as N ^ 00, 

(4.7) ^fiCM^.d + od^^Zl?, 

^ P \ P J ^ V 

where the implied constants depend only on e. 

Again, the proof wih proceed by a variance bound. 

Proof. Define 

7(g) ^ 



(4.8) 



q < N \p<z 



P 



P 



+ 



P 



where, as per our convention, q ranges only over the primes. Changing the order of summation, 
we obtain 

p%P^ pi^^P2^\\Pl J PlJ\\P2j P2j- 

Expanding, we see that 



(4.10) 



V={R^ + 0{R))7t{N) + 2RY,- E 

p<z ^ a modp 



fia] 



\{q < N : q = a modp}| 



+ EE— — E (^)\U<N:q^amodp^p,}\ 



pi<Z P2<Z 
Pl¥=P2 



a modpip2 



SQUARE-FREE VALUES OF /(p), / CUBIC 



11 



where R = X]p<z ^ 7r(A^) denotes the number of primes < A^. (The term 0{R) ■ tt{N) 
comes from the diagonal terms pi = p2 left out of the triple sum on the second line.) 

We wish to approximate \{q < N : q = a modp}| (and \{q < N : q = a modpiP2}\) by 
Tr{N)/4>{p) = ■k{N)/{p — 1) for a coprime to p (or, respectively, by 7r{N) / (p{pip2) for a coprime 
to p\P2)- Now the absolute value of 



Eap 
p 



\ 



E 



a modp 



p 



\{q < N : q = a modp}\ 



7r{N) 



p — 1 



+ ]\{q<N ■.q = a modp}\ 



J 



is at most 



p<z a modp 

pfa 



\{q < N : q = a modp}| 



7r(iV) 



p — 1 



+ E 



p 



By the trivial bound \ap\ <C p, the second sum is 0{z) (and thus will be negligible). We apply 
Cauchy-Schwarz twice to obtain that the first sum is at most 



(4.11) 



p<z a modp 

pfa 



\{q < N : q = a modp}| 



Tr{N) 



p — 1 



The expression under the first square root is now R, which is <^ logz <C logA^. By a brief 
calculation, the expression under the second square root equals 



(4.12) 



E E i^wP 

p<z X modp 

X non-principal 



for S{x) = J2q<N where q runs over the primes, as usual. By Lemma [^2] (with e = 1/2), 
Km is 0{ir{Nf). Hence is at most 0(/R7r(A^)). Therefore 

E? E (f>)l{,<iV:<,.<.„,„dri| = E^ E (f^)^ + 0.(^/S.W). 



p<2 a modp 

Now 
(4.13) 

E(f^ 

a modp 
pfa 



p<z a modp 
pfa 



E 

a modp 



fm 



p 



{p + l-ap) + 0{l)-p 



\{yGZ/pZ:y^ = fia)}\-p-(^^^ 
ap + 0{l), 



a modp 

/(O) 
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where the impHed constant is absolute. Thus 



p<2 a modp P<2 



J2 I J2 



= 7r(iV)(-i? + 0(l)), 

where we use the Weil bound |ap| <C ^ in the last step. 

Let us now estimate the sum in the second line of (j4.10p . Since the only primes q not coprime 
to pi or ■p2 are q = pi and q = p2, the contribution of the terms with gcd{a,pip2) / 1 is at most 



^ ^ Pl P2 

pi<Z P2<Z 



which is negligible. We write 
(4.14) 



EE—— E (^)\U<N:q^amodp,p2}\ 

pi<z p2<z a modpip2 

Pi¥=P2 gcd(a,pip2)=l 

^yyo^a^ y ( M) <N) y y MM y ^ 

^ ^ P\ P2 ^ \PlP2J (PVP1P2) ^ ^ P\ P2 ^ 

p\<zp2<z a modpip2 / \ , pi<zp2<z a modpip2 

Pi^P2 gcd{a,pip2)=l \ pi^P2 gcd(a,pip2)=l / 



^ ^ Pi P2 ^ \PlP2J \HPi) ' 4>{PlP2] 

p\<zp2<z a modpip2 

Pi^P2 gcd(a,piP2)=l 

7r(iV) 



P2 „J-f„__ \P1P2J \Hp2) 



Pi<zp2<z a modpip2 

Pi7^P2 gcd(a,pip2)=l 



4>{PlP2] 



where 

^a,PiP2 = \{q < N : q = a modpiP2}| - ^^^^^ |{g < N : q = a modp2}| 
~ <N:q = a modpi}| + ^ tt{N). 

(P{P2) <P{PlP2) 

The first sum on the right side of (|4.14|) is the main term; by (j4.13|) . it equals 

,(Ar) . y y ^^ (-«P.+Q(l))(-^P2+0(l)) ^ ^(^)(^2 + oiR)). 

pi^zpj^z ^^P^P^) 
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By Cauchy-Schwarz, the second sum in (14.140 (the sum within 0{. . .)) is at most 



13 



(4.15) 



\ 



pi<zp2<Z ^ 
Pl¥=P2 



EE 

Pl<2 P2<Z 



y '] ^a,pip2 
a modpip2 
gcd(a,pip2)=l 



The expression under the first square root is < E?. By another apphcation of Cauchy-Schwarz 
and a brief calculation (cf. [21 §2, Thm. 5]), 

2 



Aa,pip2 

a modpip2 
gcd(a,pip2)=l 



< 0(^1^2) ^ |Aa 

,P1P2 I 

a modpiP2 
gcd(a,piP2)=l 

■ HP1P2) ^ \{q < N : q = a modpiP2}\'^ - (piPl) ^ \{q < N : q = a modpi}\' 

a modpip2 a modpi 

gcd(a,pip2)=l gcd(a,pi)=l 

cpiP2) Yl \{q<N:q^amodp2}\^+n{Nf= ^ \S{x)\^. 

a modp2 X modpip2 

gcd(a,p2)=l X primitive 



We apply Lemma and obtain that is <^ ■ yjTT{Nf = Rtt{N). 

By ([iTTS]) . the next to last hue of is 



Opi -Opi + 0(1 



Pl<z 



Pi Pi 



E E [\{q<N:q^amodp2}\ 

P2<z a modp2 
P2¥=Pl P2\a 



p- 



P2 < 2 a mod p2 



\{q < N : q = a modp2}| 



7r(iV) 

P2 - 1 

7r(A^) 



P2-I 



The first factor is —R + 0(1), whereas the second factor was already shown before to be 
0{VR7r{N)). Hence the next to last line of (fil^ is 0{R^^'^7r{N)). Obviously the same is 
true of the last line of (|4.14p . 

Putting everything together, we see that (j4.10p has become 

V = {R^ + R)7t{N) + 2R{-Rtt{N) + 0{VR7t{N))) + {R^ + 0,{R^/^))tt{N) = 0,{R^/^tt{N)). 
Now, if 



(4.16) 



Op / /(g) \ 

^ p V p y 



> 5i? 



for some q < N , 5 > then that value of q makes a contribution greater than 5^R? to V (see 
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Hence there are at most 

primes q < N for which (j4.16p is the case. As lim]\f^ao R = oo, we see that Tr{N)/{6'^^/R) = 
05^e(7r(A^)) for any 5 > 0. Since 6 is arbitrarily small, the statement of the lemma follows. □ 

5. Rarity of typical twists: large deviations and higher moments 

We have seen (Lemmas 14.11 and 14.31 plus ()4.ip ) that, if g is a prime < N lying outside a set 
containing a proportion o(l) of all primes < A^, and dy'^ = f{q), where y is a prime, then d has 
some special properties: 

(a) cjci(g)((i) must be of roughly a given size for each g £ Galj, and 
(b) 

i2 



d\ sr^ a; 



P W J V 

i.e., d will have a slight tendency to be a quadratic residue modp when Op is negative, and a 
nonresidue when ap is positive. 

We will see in this section that only a small minority of all integers d <^ iV(log N)'^'^ satisfy 
these properties. Here "small minority" actually means "fewer than 0((logiV)"(i+^))", where 
5 > is fixed. This will be crucial later. 

Let us first examine how one would bound separately the number of integers satisfying (jaj) 
and the number of integers satisfying (jbj), i.e., equation (|5.ip . (We will eventually have to bound 
the number of integers satisfying both ^ and (jb]).) 

One way of bounding \{d <^ N{logN)'^^ : d satisfies (jaj)}| is to translate large-deviation esti- 
mates from probability theory. This was the approach followed in [12] . Here we will follow what 
would look like a more familiar approach to an analytic number theorist, though its content is 
essentially the same: we will bound expressions of the form 



(5-2) E 



e 

d 

where G M will be chosen at will, = {p ^ Si : p\d} and Si is a set of primes (in our case, 
all unramified primes with Frobp equal to a fixed element of the Galois group). The bounds 
will be the same as those given by large-deviation theory ~ in particular, there will be relative 
entropies in the exponents. 

How should we bound \{d < iV(log A^)^^ : d satisfies (l53])}|? A variance bound would not be 
good enough for our purposes. If we could truly handle reduction modulo distinct primes as so 
many independent random variables, we would use an exponential moment bound. As mutual 
independence does not truly hold, we will use instead a high moment, i.e., we will bound 

\ 2k 



d \p<z ^ 



for k large. 
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As we said, we would actually like to bound the number of integers d <^ N{logN)'^'' satisfying 
both ((aj) and (jb]) (i.e., equation 1 5. ip . Getting an estimate that combines information from both 
sources is, as we shall see, a technically delicate task, to be achieved by the enveloping use of a 
sieve. 

* * * 

The following lemma will allow us to work with small primes only without much of a loss in 
our estimates. 

Lemma 5.1. For any ^4 > 0, e > and every N, there is a z = z{N,A,e) with log log z > 
(1 — e) log log and z < N*^ such that, for all but Oa e{N {log N)~^) integers n between 1 and 
N, 

(b) u}{n) - Ep|n:p<2l < e log log 

Proof. Apply [121 Lemma 5.2] with /(x) = x and e/2 instead of e; let z = N^^^\ Then 
loglogz = log log AT -log log (5( AT) > (1- e/2) log log A. Furthermore, z = AroA..{i/iogiogAf) ^ j^e 
if (as we may assume) A is larger than a constant depending on A and e. 

By conclusion (a) in [12, Lemma 5.2], np|n-p<2^' < A"^/^. It is also the case that the largest 
square factor in n is < A^^/2 for all but O (A^-^/^) integers between 1 and A. Part Q of 
the statement follows. Conclusion (b) in [121 Lemma 5.2] implies that uj{n) — Ylp\n-p<z ^ ^ 
(e/2) log log A; since log log z > (1 — e/2) log log A > (1/2) log log A, part dbj) of the statement 
follows immediately. □ 



The next lemma is both elementary and of a very classical type. 

Lemma 5.2. Let S be a set of primes; define Sz = {p £ S : p < z} . Assume that X^pes^ 1/P ^ 
/3 log log z + C, C a constant. Let denote the set of all positive integers that are products of 
primes in Sz alone. Let tj > 1. Then 

Y - <c« (logz)''-(''-'''°s'?) 

oj{'n)>r]f5 log log z 

The Lemma would still be true for ?y < 1 positive, but the exponent on the right would no 
longer be optimal. 

Proof. Recall that ^„>x 1/n^ = vr'^/G. For any a > 0, 
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Hence 



2^ n — n,riB\og\osz \ a ) 111 ^ n 



P 



Lo{n)>r]f} log log z 

To minimize a — rjloga, we set a = rj. Then (log z)^°'~^^°^°'^^ = (log z)^^^~'^^°^^\ □ 

Lemma 5.3. Let S, S' be sets of primes with 

(a) 5 C 5', 

(b) ^pes-p<z l/P ^ /3 log log z + C /or all z > e, where C is a constant, 

(c) E n<z:p|n=>pe5' ^/'^ — C"(logz)^ for all z > e, where C is a constant. 

Let N be a positive integer. Let rj > 1. Let B he the set of all integers n < N having (a) at 
least r]j3loglogN divisors in S, (h) no divisors in S' \ S. Then, for all e > and every A > 0, 
there is a sequence of non-negative reals {bn}n<N such that 

(a) bn < r5(n) for every n, 

(b) \{nGB:bn< l}\ <^A,e N/(logN)^, 

(C) En<Nbn <.C,C',v iV/(log Ar)(l-^/4)(/3'+(/3-e/4)(,log,-,)) ^ 

(d) En<N:n^a modm = ^ En<N:gcd(n,m)=l + O, (N') for CVCry ITl < N^'^ and CVCry 

a coprime to m. 

The sequence bn is a variant of what is sometimes called an enveloping sieve; here, as per 
conclusion (jb]), the sequence b^ almost "envelops" (i.e., majorises the characteristic function of) 
B, but not quite. 

Proof. Let z be as in Lemma [5.11 with e/4 instead of e; in particular, z < N''/'^. Let Xd, d < A^*^/^, 
be the weights in Selberg's siev^ll when used to sieve out prime factors p < N^^^ in S. (Here 
we are using Xd to denote the sequence of non- negative reals Xd (where = for d > A^*^/^) 

obtained by the identity Ed|m '^(^ ~ {^d\mPdj ! here pd is as in, say, [U (7.15)]. In particular, 
Ai = 1 and \Xd\ < 1 for all d. Note some other texts use an opposite convention, exchanging the 
roles of Xd and pd.) 
Define 

(5.4) bn= J2 E 

m\n,meN4S) d\n/m,deN4S') 
a;(m)>{»?— e/4)/3 log logz 

where, for a set P of primes, Nz{P) is the set of all positive integers that are products of primes 
in {p £ P : p < z} alone. 



^Brun's (non-pure) sieve or the Iwaniec-Rosser sieve (as in [S] §6] and [H §11], respectively) would do just as 
well as Selberg's sieve in this context. In fact, it would do slightly better, in that the subscript in conclusion (js} 
would go down from 5 to 3. 
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Since < T3(d), conclusion ((aj) is immediate. Let n be in Then 

bn> J2 1' 

m\n,meNz{S) 
aj(m)> {ril3—e/4) log log z 

p\n / m^p^S 

since the condition p\n/m ^ p ^ S ensures (given that n has no divisors in 5' \ 5, thanks to 
n £ B) that the inner sum in (j5.4p has Ai (which equals 1) as its only term. By n €z B and the 
definition of B, n has at least r?/? log log z divisors in S. Hence 6„ can be less than 1 only if, for 
m = Y\_p\n peS-p<zP'"^^"'^ ^ either (a) m > N'^^^, (b) uj{n) — uj{m) > (e/4) log log z. By Lemma ISTTl 
at most OA,e{N{\og N)'"^) satisfy either statement (where ^ > is arbitrary). Hence conclusion 
(P holds. 
Now 

"<A^ m<N^/'^,m&N-^{S) n<N/m d\n,d£N,{S') 

uj{m)>(ril3—e/4) log log z 

By the main result on the Selberg sieve (see, e.g., [H Thm. 7.1], with a„ = 1 for all n < N/m, 
On = for n > N/m), 

( 



n<N/md\n,deNz{S') 



p<2 

-1 



yd<m/^ 



\d<m/'^,deN4S') / 

By condition (jcj) and z < N^^'^, we know that X]^<^j/4 deN^iS') ^/^ ^C' i^ogz)^' . Thus 

logzP ^-^ m 

n<N ^ ° ' m<Af^/4, meAf^CS) 

ij(m)> (r]fi—e/A) log log 2 

We now apply Lemma l5.2( and conclude that 

N 



E ^" ^t7. 



(loKz)/^'-(/^-^/4)('''-''i°s'?) ■ 

n<N ^ ° ' 



Lemma [5T] assures us that log log z > (1 — e/4) log log A^, and so logz > (log A^)-"^ '^1^. We thus 
obtain conclusion (jcj). 
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Lastly, for every r and every a coprime to r 



n<N:n=a modr 



m<N'/*,meN4S) d<N^/'^ n<N/md 
aj(m)>(r;/3-e/4) loglogz deA^zC^') n=a modr 

/ 

E E ' 

m<N^/*,meN4S) d<N''/^ 
tj(m)>(?7/3-e/4) log log zd£N^{S') 



V 



n<N/md 
gcd(n,r)=l 



1 



E 'n + o{ E E 



n< A:gcd(?i,r)=l 



E 



l>„ + 0.(Af), 



n< A:gcd(ri,r)=l 



i.e., conclusion (Idl) holds. 



□ 



We begin by an easy application of Lemma 15.21 to the case already treated in [12] . We do this 
both for contrast with a later application (the proof of Prop. 15.51 which uses the divergence of 
^pOp/p^ and where the sieve does play an enveloping role) and to make the paper relatively 
self-contained. 

Lemma 5.4. Let K/Q be a cubic extension of Q with Galois group Alt(3). Let S be the set 
of unramified primes that split completely in K/Q. Let V be the set of integers n < N such 
that (a) n has at least (1 + o(l)) loglog divisors in S, (b) n is not divisible by any unramified 
primes outside S. Then, for every e > 0, 

N 

(logA^)(i~^)i°g3- 

Proof. Let S' be the set of all unramified primes. Conditions (jaj) and (jcj) in Lemma [5.31 are clear; 
condition ^ holds by the Chebotarev density theorem and partial summation. By Lemma 
conclusions © and (jcj), applied with A = 2, 

N N 



\V\ < 0,{N/{logN)^) + E ^" «^ 



n<N 



(logiV)(l-^)(l+(l/3)(31og3-3)) (logA^)(l-^)l°s3' 



□ 



The following is the more difficult case. 



Proposition 5.5. Let K/Q be a cubic extension of Q with Galois group Sym(3). Let S be the 
set of unramified primes that split completely in K/Q; let S' be the set of unramified primes that 
either split completely or are inert in K/Q. For every prime p, let Up be such that \ap\ < 2^yp 
and, for z = e(^°sN)/{2iogiogN) ^ 



(5.5) 



:i+o(i))iogiogz. 
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Let V he the set of integers n<N such that (a) n has at least (1/2 + o(l)) log log iV divisors 
in S, (b) n has no divisors in S' \ S, (c) n satisfies 



(5.6) 



for z as above. Then, for every e > 0, 



> (l + o(l))loglog2; 



N 

(logA^)((l+l°g3)/2)- 



where the implied constant depends on K, e and the implied constants in (a), (h), \5. 5|) and 



Proof. We first verify that S and S' satisfy conditions (iaj)-(jcj) of Lemma E31 Condition (jaj) is 
obvious. Condition (jb|) holds with /3 = 1/6 by the Chebotarev density theorem. Condition (jcj) 
holds for related reasons: as in (say) the proof of [111 Lemma 4.10], we can write 



n i_p-6' n (i ■ I n (i n (i-p- 



P&S' 



1/2 



P&S'\S 



\ves'\s 



Ll{s)C{s)CK/Q{sr\L/Q{s)'^\ 



where Li{s) is holomorphic and bounded on {s : ?R.{s) > 1/2 + e} and L is the Galois closure of 
K. Since (, Ck/q s-i^d Cl/o each have a pole of order 1 at s = 1, we obtain 



vl-l+l/2 



C{logz 



,1/2 



n<z 



for some constant C by contour integration or a real Tauberian theorem (e.g., a Hardy-Littlewood 
Tauberian theorem, [19., Thm. 5.11]; there is no need for a complex Tauberian theorem here). 

Apply Lemma [531 By conclusion (jb]), we will find it enough to bound Ylnev from above: 
\V\ will exceed this sum by at most Oa{N/ {log N)"^), where we can set A as large as needed. 
For any k, ()5.6p ensures that 



(5.7) 



2k 



2k 



< 



1 



((l + o(l))loglogz) 



2k 



n<N \P<-2 



P \P 
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The following amounts to a proof of a special case of Khintchin's inequality, generalised to 
the case of random variables that are only approximately independent. First, we have 




n<N \p<z I PlviP2fc<2 n<N 



Set m = ■ ■ '^2^ and assum m < N . Using conclusions (|aj) and ([d]) in Lemma 15.31 we get 



n<N ^-^^^ Vi^^fc/ amod»n ^"^^^ \n<m 

gcd(a,m)=l n=a mod m 

amodm ^"^^^ \/'^'c/ ^ 

gcd(a,m)=l gcd(n,m)=l 

a modm \ n<m , 

5lr ^fr^^vpiy \P2kJ (t>{m) 



n<N a modm 

gcd(n,m)=l 



provided that < N. If there is a p appearing an odd number of times in pi,p2; • • • 7P2fc; the 
sum 

modm ( n7 ) ' ' ' ( t>?h I ^a-^^ishes. On the other hand, given a multiset S consisting of k 



im ypi J \P2k, 

not necessarily distinct primes, the number of distinct tuples {pi,P2, ■ ■ ■ ,P2k) such that every 
prime p appearing exactly £ times in S appears exactly 2i times in pi,p2, ■ ■ ■ ,P2k is at most 
{2k)\/{2^k\) times the number of tuples {qi,q2, ■ ■ ■ ,Qk) such that S = {qi,q2, ■ ■ ■ iqk}- (This is 
so by the crude bound (2r)! > 2 • r! for r > 1.) Hence, going back to (|5.8p and using conclusion 
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(jcj) in Lemma [531 we obtain 

2k 



n<N \p<z ^ 



91 


E 

,...,qk<z 


^? ■ 


< 


\P1: 


E 

■■,P2k<Z 


'^pi _ 
Pi 


P2k 



n<N 



N^PlP2 ■■■P2k 



(2fc)! 



2^k\ (logAr)(l-^/4){l/2+(l/6-€/4){31og3-3)) I ^ p2 



+ o, 

{2k)\ 



\ 



E 



2Vp 



J^e^2k 



P 



< 



N 



Thus, by (lOl . 



2^A;! (logiV)(i-^)(ios3)/2 



TV 



:i + o(l))'=(loglogz)^- + O, (iV^z^fc^ _ 



^ ^ ((1 + 0(1)) log log z)^ (2fc)! 

" - ((l + o(l))loglogz)2fc 2''kl (logiV)(l-^)(l°g3)/2 



re ^3fe 



e-^{2kf 



TV 



((1 + o(l)) log log )*■■ (log iV){l-^)(log 3)/2 

We set A; = (loglog A^)/2, and obtain 

AT 



+ 



>r-, (logj V)-V^(2fc)^ 
^'"^^ (1 + 0(1 



(l + o(l))i°gi°g^/2(2A:)'= (logiV)(i-^)(i°g3)/2 
iV 



+ 0(iV3/4+. 



(logA^)(l+l°g3)/2- 



0(^^3/4^ 



□ 



6. Modularity. Conclusion. 

It remains to estimate Ylip<z ^Ip^ ^ where, as usual, we define Op by letting p + 1 — Op be the 
number of (projective) points mod p on the curve = /(x). Our estimate will be based on 
the fact that the Rankin-Selberg L-function -Z^/®/ has a pole at s = 2. 

Lemma 6.1. Let f G be a cubic polynomial irreducible over Q[x]. For every prime p, write 
p + 1 — Op for the number of points in F'^{7j/p7j) on the curve = /(x). Then, as x —t- oo, 

E^/^*^ = log logp + 0/(1). 

p<x 
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Proof. By the modularity of elliptic curves (|25|. [23], [1]), there is a primitive cusp form / 
of weight 2 and level such that f(z) = YlnLi'^niT'^^'^^inz). The Rankin-Selberg L-function 
L{f®l,s) = E^Lilanpn-^-^ = En=i«n^"'-' = L{f ® f , s) m (13.49)], where a{n) = 
'^^"^CLn) then has a simple pole at s = 1 (the residue given by (13.52)] is non-zero). Its 



n 



Euler product decomposition is 

p 

where Op, /3p are the reals satisfying ap + /3p = Opj ^ and ap/3p = 1. 
Now 

E -(logp)p~^ _ (logp)agp~^ ^ ^ (logp)/3^p~^ ^ ^ (logp)p-^ 

p p f p p p 

= 2 A(n')n-2« - A(n)a2 - ^ A(n)/32n-« - 2 ^ A(n)n-^ 

n n n n 

where we extend an, f3n from the primes to the integers n so that an and are completely 
multiplicative on n. (Here A(n) is, of course, the von Mangoldt function.) Because L(/ f,s) 
has a simple pole at s = 1, L'{f (g) /, s)/L{f (g) /, s) has a simple pole with residue —1 at 1. It is 
now enough to apply a Tauberian theorem of Hardy-Littlewood type Thm. 5.11]; we obtain 

2 J2 A(n2)n-2 _ ^ A(n)a^n"i - ^ A(n)/32n~^ ~ ^ X] A(")^~^ ^og ^ 

n<y/x n<x n<x n<x 

and so (since + /3p + 2 = (a^ + /3p)^ = ap/p < 4) 

^(logp)a2/p2 ^ logx, 

n<3; 

which, by partial summation, gives 

V -| ~ log log X, 

n<a: 

as desired. □ 

Proof of main theorem. By (|2.ip , it is enough to show that 

\{p<N -.Bqs.t.q^lfip), q > N{log N)-'}\ = o{N/ log N) 

for some e > independent of N. (Recall p and q both denote primes.) If / is reducible, the 
problem reduces to that with / replaced by each of its irreducible factors g (since p'^\f{n) for 
any prime p not dividing the discriminant Disc(/) implies p'^\g{n) for some irreducible factor g 
of /) and then, since deg(g) < 2, we have the problem solved by Estermann [7j (use simply [121 
Lemma 6.2]). 

We can thus assume that / is an irreducible polynomial. We can also assume without loss 
of generality that the leading coefficient of / is positive. Let a be a root of f{x) = 0. Define 
K = Q(a) 
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Let A^' = max„<Ar/(n)/(iV(logA^)"')2. Clearly N' ~ CfN{logNf^, where c/ is the lead- 
ing coefficient of /. Let z = e(^°s^')/(^^°s'°s^'^. Let S be the set of unramified primes that 
split completely in K/Q. By Lemma 14.1^ the number of primes in S dividing f{p) is (3 + 
o/(l))(l/6)loglogz = (l/2 + o/(l))loglogz (if Gal^/Q = Sym(3)) or (3 + o/(l))(l/3) log log z = 
(l + o/(l)) log log z (if Gal^/Q = Alt(3)) for all but o/(A^/log N) primes p < N. (A prime p that 
splits completely has Frobp equal to {e}, where e is the identity element of the Galois group.) 
The number of primes in S dividing f{p)/q^ differs from this by at most 1, and thus is also 
(1/2 + 0^(1)) log log z (if Gal^/Q = Sym(3)) or (1 + oj(l)) log log z (if Gal^/Q = Alt(3)). Note 
that no unramified prime inert in -fC/Q can divide f{p) (and thus no such prime can divide 

f{p)h')- 

Suppose first that Gal;^/Q = Alt(3). Lemma [57S1 (applied with N' instead of N) gives us that 
there are at most 

0/,,(Af/(logiV)i°g3-4.) 

possible values of d = f{p)/q'^, where p ranges across the primes p < N, with Of{N/ log N) 
primes excluded. Let D be the set of such values d. 

Suppose now that Galx/q = Sym(3). By Lemma \67\] Ylp<z'^'p/p'^ = (1 + o/(l)) log log z; we 
can thus apply Lemma 14.31 ^-iid obtain that, for all but Of{N/ log N) primes p < N, 

E 'i (^) - om + E 1? (f^) + H log.. 

Proposition 15.51 (applied with N' instead of N) now gives us that there are at most 

0/,e(iV/(logiV)«l+'°s3)/2)-3e^ 

possible values of d = f{p)/q^, where p ranges across the primes p < N, with Of{N/ log N) 
primes excluded. Let D be the set of such values d. 

We now use Prop. 13.51 ^-nd obtain that the numbers of integers (prime or not) 1 < x < 
A'" such that dq'^ = f{x) for some d ^ D and some integer q > N{log N)~'^ is at most 
O/,, (iV/(logA^)(i°g3)-4ej (if Gal^/Q = Alt(3)) or at most O/,^ (iV/(log Af)"^+'°s^)/^)"^') (if 
Galx/Q = Sym(3)). Since log 3 > 1 and (1 + log3)/2 > 1, we are done. □ 
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